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Conceptually, the undrained elastic constants estimated by the poroelasticity theory
should be identical to the effective moduli of the two-phase composite of a porous material
saturated with pore water. Here we show numerically that the undrained elastic constants
determined by an effective moduli estimate are almost identical with those calculated by
poroelasticity theory, and if pore shapes are not exactly known and the porosity is around
50%, estimating the elastic constant as the average value of its Voigt and Reuss bounds is
reasonably accurate. This is the situation in bone and dentin, the materials that are our pri-
mary intended application. This result will hold for situations in which the totally enclosed
water phase is constrained to small deformations by virtue of its conﬁnement. Importantly,
in this work we assume that water is an isotropic elastic solid with a shear modulus that is
104 times the bulk modulus of the water. Note that it is compressible, but almost incom-
pressible with a Poisson’s ratio of 0.4999.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
This work is concerned with calculating the effective elastic moduli of solid-water mixture using composite material the-
ory based on mixtures of linear elastic solids. In this connection we make use of the fact that an elastic ﬂuid may be modeled
as an elastic solid with a very small ratio of shear modulus to bulk modulus, if the deformations of the ﬂuid model are con-
strained to be small. In this situation elastic small deformation composite material results involving elastic solids may be
specialized to the case of porous materials if we can consider water to be isotropic elastic solid. Thus, in this paper, we as-
sume water to be an isotropic elastic solid and comparing the effective elastic constants of a ﬂuid and a solid estimated by
two different methods. The details of two methods are described in Section 3.
In poroelasticity theory there are two sets of elastic constants employed, ‘‘undrained” and ‘‘drained” elastic constants. The
‘‘undrained” elastic constants are measured under the condition when the boundary is sealed and the pore ﬂuid cannot es-
cape from a saturated porous material. The ‘‘drained” elastic constants are measured under the condition ﬂuid can move
freely and no pore pressure remains.
For many years, the ‘‘undrained” elastic constants have been calculated by using poroelasticity theory (Biot, 1941, 1955;
Carroll, 1979; Cheng, 1997; Cowin, 1999, 2003, 2004; Cowin and Mehrabadi, 2007; Detournay and Cheng, 1993; Nur and
Byerlee, 1971; Rice and Cleary, 1976; Thompson andWillis, 1991; Yoon and Cowin, 2007) except for some works (Budiansky
and O’Connell, 1976; O’Connell and Budiansky, 1974; Shaﬁro and Kachanov, 1997). In O’Connell and Budiansky (1974) and
Budiansky and O’Connell (1976), the effective moduli of both dry and ﬂuid saturated materials (i.e., ‘‘drained” and. All rights reserved.
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ergy and load potential). Shaﬁro and Kachanov (1997), by introducing the pressure polarization tensor, which is equivalent
to the Skempton compliance tensor in poroelasticity, estimated the effective undrained elastic constants of ﬂuid ﬁlled porous
materials.
The six-dimensional (6D) second rank tensor notation is used in this paper. The advantage using the 6D tensor notation is
brieﬂy explained in detail in Cowin and Mehrabadi (1995) and the Appendix in Cowin and Doty (2007). The important fact is
that the six by six matrix notation introduced by Voigt (1910) for the components of the 3D fourth order tensor is not a ten-
sor. However with the minor adjustment of coefﬁcients, the components of the 3D fourth order tensor may be represented as
a second order tensor in 6D. The algebra of relationship is contained in the references given above. In this notation the in-
verse of the elasticity tensor is the matrix inverse all symbolic algebra programs will calculate, as opposed to the messy pro-
cess of doing the same thing in the Voigt notation. Understanding this notation permits one to see directly the signiﬁcance of
our formula (3) because one has only to transform the 6D tensor of matrix components into it principal coordinate system
and note that the elasticity or compliance tensor is a positive deﬁnite symmetric tensor.
The main objectives of this paper are to show that (a) the undrained elastic constants can be estimated by the two-phase
composite assuming that water is an isotropic elastic solid material and (b) the average of Voigt and Ruess bounds may be
the simplest method to estimate the undrained elastic constants when the pore geometry is not clear and the porosity is
around 50%.
2. The voigt and reuss bounds
The Voigt (upper) bound (Voigt, 1910) on the elasticity tensor of a solid-water mixture, denoted by bCV , may be given by
using the rule of mixtures,bCV ¼ ð1 /ÞbCs þ /bCw; ð1Þ
where bCs is the elasticity tensor for solids, bCw is the elasticity tensor for water, and / is the water volume fraction. Note that
the hat on the tensor indicates the six-dimensional second rank tensor. Similarly, the Reuss (lower) bound (Reuss, 1929) on
the compliance tensor of a solid-water mixture, bSR, may be given bybSR ¼ ð1 /ÞbSs þ /bSw; ð2Þ
where bSs is the compliance tensor for the solid and bSw is the compliance tensor of the water. The Voigt and Reuss bounds on
the effective elasticity tensor are (Torquato, 2001)ðbSRÞ1 6 bCeff 6 ðbCV Þ; ð3Þ
where bCeff is the effective elasticity tensor. The Voigt and Reuss bounds for bulk modulus can also be given by (Hill, 1963;
Cowin et al., 1999; Nemat-Nasser and Hori, 1999; Torquato, 2001)KR < Keff < KV : ð4Þ3. The undrained elastic constants for four different pore shapes
Two approaches are used for estimating the undrained elastic constants, the two-phase composite approach and the
poroelasticity approach. For the ﬁrst approach, water is assumed to be an isotropic elastic solid with a small but non-zero
shear modulus. The general poroelasticity relationship is employed for the second approach. We calculate elastic constants
for three steps; (a) the drained elastic constants estimated by the effective moduli of the two-phase composite, (b) the un-
drained elastic constants estimated by the effective moduli of the two-phase composite assuming that water is an isotropic
elastic solid, and (c) undrained elastic constants estimated by poroelasticity theory. The step (a) is necessary for the step (c)
because the general poroelasticity requires the drained elastic constants for calculating the undrained elastic constants.
3.1. Step 1: The drained elastic constants estimated by the two-phase composite
The drained elastic constants are calculated by using the effective moduli of the two-phase composite for the case when
the inclusion is considered to be empty. Many schemes may estimate the effective moduli of composite materials ade-
quately, but we have selected the dilute distribution assumption for use here. The details of different estimating schemes,
such as the dilute distribution assumption, the periodic distribution assumption, the self-consistent scheme, the Mori-Tana-
ka theory, and the differential effective medium approximation can be found in following literature (Aboudi, 1991; Benven-
iste, 1987; Mura, 1987; Nemat-Nasser and Hori, 1999; Torquato, 2001).
The effective compliance tensor for the dilute distribution assumption is given bybSeff ¼ f1^þ /ð bQ I  bPIÞ1g  bSM; ð5Þ
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Note that bPI is the Eshelby tensor, bSM is the matrix compliance tensor, C_M is the matrix elasticity tensor, and bCI is the inclu-
sion elasticity tensor. For the drained case, we can assume that bCI ¼ 0. Then the Eq. (5) becomesbSD ¼ f1^þ /ð1^ bPIÞ1g  bSM: ð7Þ
Since the inclusion is empty, Eq. (7) can be considered as the drained compliance tensor in porous materials.
3.2. Step 2: The undrained elastic constants estimated by using the two-phase composite assuming that the water is an isotropic
elastic solid
We assume that water is an isotropic elastic solid with Poisson’s ratio very close to 0.5 (i.e., 0.4999) because the salt water
is not perfectly incompressible. Note that the salt water has the bulk modulus, 2.3 GPa (Anderson, 1967; Cowin, 1999; Wang
et al., 1999; Zhang et al., 1998), where the bulk modulus Kw is the inverse of the compressibility Cw. Then water may be ex-
pressed by the Hooke’s law,bT ¼ bCw  bE ð8Þ
In the matrix form, Eq. (8) is given bybT 1bT 2bT 3bT 4bT 5bT 6
0
BBBBBBBBB@
1
CCCCCCCCCA
¼ Kw 
1:00025 1 1 0 0 0
1 1:00025 1 0 0 0
1 1 1:00025 0 0 0
0 0 0 0:0001 0 0
0 0 0 0 0:0001 0
0 0 0 0 0 0:0001
0
BBBBBBBB@
1
CCCCCCCCA
bE1bE2bE3bE4bE5bE6
0
BBBBBBBBB@
1
CCCCCCCCCA
: ð9ÞThe undrained elastic constants are determined from Eq. (5) by replacing the elasticity tensor of the inclusion bCI with the
elasticity tensor of water bCw in Eq. (6) to ﬁrst determine bQ I .
3.3. Step3: The undrained elastic constants estimated by using poroelasticity theory
The undrained elastic constants are usually calculated by using poroelasticity theory. The relationship between the
drained and the undrained elastic constants can be found in the literature (Biot, 1941, 1955; Carroll, 1979; Cheng, 1997;
Cowin, 2003, 2004; Cowin and Mehrabadi, 2007; Detournay and Cheng, 1993; Nur and Byerlee, 1971; Rice and Cleary,
1976; Thompson and Willis, 1991; Yoon and Cowin, 2007). Note that the notation in this paper is adopted from following
literature (Cowin, 2003, 2004; Cowin and Mehrabadi, 2007; Yoon and Cowin, 2007).
The relationship between the undrained compliance tensor bSU and the drained compliance tensor bSD is given by
bSU ¼ bSD  1
Ceff
bSD  bA  bSD  bA; ð10Þwhere the ‘‘Biot effective stress coefﬁcient,” bA is given by
bA ¼ ð1^ ðbSDÞ1  bSMÞ  bU; ð11Þwhere bSM is the matrix compliance tensor in six dimensions. The effective compressibility in Eq. (10) is given by
Ceff ¼ CD  CM þ /ðCf  CMÞ: ð12ÞThe compressibility, which is the inverse of bulk modulus, in Eq. (12) is obtained byCi ¼ bU  bSi  bU; ð13Þ
where i in Ci is replaced by D,M, U, f to indicate the compressibility for the drained case, the matrix, the undrained case, and
the pore water, respectively.
4. Numerical calculation and results
The elastic constants of hydroxyapatite mineral crystals are chosen for the matrix: the Young’s modulus (E) and Poisson’s
ratio (m) of hydroxyapatite are 114 GPa and 0.28 (Katz, 1971), respectively, and the shear modulus G is obtained from the
universal relation for isotropic elastic materials,
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2ð1þ mÞ : ð14Þ4.1. The undrained elastic constants estimated by two methods
In order to show that the undrained elastic constants estimated by two methods (two phase composite and poroelasticity
theory) described in Section 3 are almost identical, we divide the calculation into three steps.
First we calculate the drained elastic constants for four types of cavities; (a) a spherical inclusion, (b) a spheroidal inclu-
sion, (c) a penny-shaped inclusion, and (d) a needle-shaped inclusion. The expression of the Eshelby tensor for each of the
four distinct cavity shapes in the isotropic elastic material is given in many publications (e.g., Eshelby, 1957; Mura, 1987;
Nemat-Nasser and Hori, 1999; Torquato, 1991), thus the details of the Eshelby tensor are not included in this paper. TheThe technical undrained elastic constants of materials whose pore shape is spherical and the pores are ﬁlled with water. The red dotted line indicates
hnical undrained elastic constants estimated by poroelasticity theory and the green solid line indicates those calculated by the effective moduli
ion. The upper curve represents Young’s modulus and the lower curve the shear modulus.
The technical undrained elastic constants of materials whose pore shape is spheroidal and the pores are ﬁlled with water. The red dotted line
s the technical undrained elastic constants estimated by poroelasticity theory and the green solid line indicates those calculated by the effective
estimation. The lines from the top indicate E11, E33, and G12, respectively.
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Note that, for calculating the Eshelby tensor for a spheroidal inclusion, we set the length of the spheroidal inclusion in the z-
axis as twice that in both x- and y-axes.
For calculating the undrained elastic constants, we perform two different calculations; (a) by using the two-phase com-
posite assuming that water is an isotropic elastic solid and (b) by using poroelasticity theory. For the ﬁrst case, the elasticity
tensor of inclusion bCI in Eq. (6) is replaced by bCw in Eq. (8) and undrained elastic constants are calculated by Eq. (5). For the
second case, undrained elastic constants are calculated by Eq. (10). Figs. 1–4 show that, for four different pore shapes, (a)
spherical, (b) spheroidal, (c) penny-shaped, and (d) needle-shaped, the undrained elastic constants predicted by poroelastic-
ity are identical with those estimated by using the effective moduli of a solid-water composite, where water is assumed to be
a compressible isotropic elastic solid with a shear modulus that is 104 times the bulk modulus and a Poisson’s ratio of
0.4999.Fig. 3. The technical undrained elastic constants of materials whose pore is penny-shaped and the pores are ﬁlled with water. The red dotted line indicates
the technical undrained elastic constants estimated by poroelasticity theory and the green solid line indicates those calculated by the effective moduli
estimation. The lines from the top in the y-axis indicate E11, E33, G12, and G23, respectively.
Fig. 4. The technical undrained elastic constants of materials whose pore is needle-shaped and the pores are ﬁlled with water. The red dotted line indicates
the technical undrained elastic constants estimated by poroelasticity theory and the green solid line indicates those calculated by the effective moduli
estimation. The lines from the top indicate E33, E11, and G12, respectively.
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For the case when the pore geometry is not clear, the poroelasticity may not be useful to estimate the undrained elastic
constants because it is not easy to estimate the drained elastic constants. Thus, in this section, we employ the Voigt and
Reuss bounds for estimating the undrained elastic constants when the pore geometry is not clear. The Voigt and Reuss
bounds are calculated using Eqs. (1) and (2) and then the average value of these bounds is taken as the undrained elastic
constants of the solid-water mixture.
For justifying the use of the Voigt and Reuss bounds, the effective bulk moduli of KR and KV are calculated and the average
of these bounds is compared to Hashin-Shtrikman bounds (Hashin and Shtrikman, 1963; Torquato, 2001). Fig. 5 shows the
average of Voigt and Reuss bounds (i.e., KA = (KV + KR)/2) lies in the Hashin–Shtrikman bounds, especially when the porosity
is around 50%. The details of Hashin–Shtrikman bounds for the bulk modulus are given in Torquatos (2001 page 570). The
case for the shear moduli in Hashin–Shtrikman bounds is also shown in Fig. 5.Fig. 5. (a) The averaged bulk modulus, KA, between Voigt and Reuss bounds is illustrated with the Hashin-Shtrikman bounds. The KA (red dot line) is plotted
against the porosity (/), when the elastic constants of hydroxyapatite are used for the solid fraction in the mixture. The blue lines are the Hashin-Shtrikman
upper and lower bounds; KA satisﬁes the Hashin-Shtrikman bounds when the porosity (/) is between 2.8% and 73.3%. (b) The averaged shear modulus, GA,
between Voigt and Reuss bounds is illustrated with the Hashin-Shtrikman bounds. The GA(red dot line) is plotted against the porosity (/), when the elastic
constants of hydroxyapatite are used for the solid fraction in the mixture. The blue lines are the Hashin-Shtrikman upper and lower bounds; GA satisﬁes the
Hashin-Shtrikman bounds when the porosity (/) is between 33.3% and 69.2%.
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Figs. 1–4 show that the undrained elastic constants predicted by poroelasticity are identical with those estimated by
using the effective moduli of a solid-water composite calculation. These results suggest that water can be considered as
an isotropic solid elastic material with the elastic properties shown in Eq. (9) for the inﬁnitesimal deformations. To our
knowledge, no direct comparison between the effective moduli estimation based on composite material theory and that
based on poroelasticity has appeared in the literature.
The results suggest that using the average of Voigt and Reuss bounds may be the simplest method to estimate the un-
drained elastic constants of solid-water mixture when the porosity is given without knowing the pore geometry and the
porosity is around 50%. For the bulk moduli, the average of Voigt and Reuss bounds lies in the Hashin–Shtrikman bounds
(Hashin and Shtrikman, 1963), in the range from 0.027361 < / < 0.73369%. We also compare the average of Voigt and Reuss
bounds, for the shear moduli, with the Hashin–Shtrikman bounds. The region satisfying the Hashin–Strikman bounds are
between 33.3% and 69.2%. For a porosity of approximately 50%, the average of Voigt and Reuss bounds may be a reasonable
and relatively accurate estimate of the undrained elastic constants of a solid-water mixture when the exact pore structure is
not known.
We suggest, in this paper, assuming water as an isotropic elastic solid, the elastic property shown in Eq. (9), is reasonable
for estimating the undrained elastic constants. This elasticity tensor formulation for water may be easier for developing com-
putational models for undrained case.
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